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The Kalman filter requires a prior ln K, h and C estimates (mean ln K, h
and C) and a cross covariance matrix ln K‐h‐C of the estimate errors. In
this study, the average of the 3000 ln K (SGSim) and the average of the
1000 ln K (LHS) realizations and the cross covariance matrix ln K‐h‐C,
obtained from the stochastic model realizations, were used to this end.

Six study cases (Table 1) were established to estimate ln K, h and C using
different data sets and a prior space‐time covariance matrix calculated
with SGSim and LHS realizations.

Table 1. Synthetic examples 

Groundwater monitoring networks are essential in order to estimate
groundwater levels and quality parameters and its evolution. Herrera
(1998) proposed a method for the optimal design of groundwater
quality monitoring networks that involves space and time in a combined
form. The method was applied later by Herrera et al (2001) and by
Herrera and Pinder (2005). To get the estimates of the contaminant
concentration being analyzed, this method uses a space‐time ensemble
Kalman filter, based on a stochastic flow and transport model.
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3.3  Parameter estimation using the Kalman filter
Figure 6. ME and RMSE graph of the Ln K, h and C estimates1. Introduction
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&When the method is applied, it is important that the characteristics of

the stochastic model be congruent with field data, but, in general, it is
laborious to manually achieve a good match between them. groundwater

G
The method has three steps:

2. Objective and methodology
The objective is to extend the space‐time ensemble Kalman filter proposed by Herrera, to 
estimate the hydraulic conductivity (K), together with hydraulic head and contaminant 

concentration, and its application in a synthetic example.

4. Results
Figure 3, 4 and 5 shows the ln K, h and C prior estimates, the ln K, h and C realizations and the ln K, h and C estimates in the
study case 1.3 and 2.3. From a simple analysis of the graphs of this figure, it is difficult to determine the magnitude of the
estimates errors obtained with the Kalman filter.
For a more detailed analysis of
the results the mean error
(ME) and root mean square
error (RMSE) were calculated
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Figure 3.  h and C estimation of the study case 1.3
Given the mean and the semivariogram of the natural logarithm of hydraulic conductivity (ln K), random
realizations of this parameter are obtained through two alternatives: Gaussian simulation (SGSim) and Latin
Hypercube Sampling method (LHS).

The stochastic model is used to produce hydraulic head (h) and contaminant (C) realizations, for each one of
the conductivity realizations. With these realization the mean of ln K, h and C are obtained, for h and C, the
mean is calculated in space and time, and also the cross covariance matrix h‐ln K‐C in space and time. The
covariance matrix is obtained averaging products of the ln K, h and C realizations on the estimation points
and times, and the positions and times with data of the analyzed variables.

Finally the ln K, h and C estimate are obtained using the space‐time ensemble Kalman filter. The realization
mean for each one of the variables is used as the prior space‐time estimate for the Kalman filter, and the
space‐time cross‐covariance matrix of h‐ln K‐C as the prior estimate‐error covariance‐matrix.

1.

2.

3.

error (RMSE) were calculated.
The estimate error, ei, is
analyzed. This error is
calculated as the difference
between the data of the ln K, h
and C realizations (SGSim or
LHS) and the ln K, h and C
estimated with the Kalman
filter at the points of the
estimation mesh with the
different case studies.

Figure 4.  h and C estimation of the study case 2.3 
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3.1 Geostatistical analysis for log conductivity and random realization

The semivariogram of ln K is 

The synthetic example has a modeling area of 700 x 700 square meters; a triangular mesh model with 702 nodes
and 1306 elements is used. A pumping well located in the central part of the study area is considered. For the
contaminant transport model, a contaminant source area is present in the western part of the study area.

a) Gaussian simulation (SGSim) To obtain model

The locations where
estimations of Ln K, h and C
will be obtained are associated
with nodes, which we referred
to as the estimation mesh
shown in Figure 2. This mesh is
composed by 48 estimation
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3. Synthetic case study

Figure 1. Deterministic flow and transport model

To obtain the random 
realizations we used  two 

methods:

g
an exponential model.

a) Gaussian simulation (SGSim) .To obtain model 
convergence, 3000 realizations of ln K were required using 

SGSim.
b) Latin Hypercube Sampling method (LHS). To obtain model 
convergence, 1000 realizations of ln K were required using LHS.

3.2  Groundwater and stochastic flow models
The deterministic flow and transport model was developed using the Princeton Transport Code (PTC, 1993)
simulator. The computational grid of the stochastic and deterministic model are the same.

Figure 2. Stochastic flow and transport model

p y
point distributed throughout
the study area (same
localization for ln K, h and C).
The results of the ME and MSE
and the reduction percentage
at different study cases are
presented in Table 2 (only for
time 6) and the graphs in
figure 6 (for all times).

The results analysis was done through the mean error, root mean square error, initial and final estimation maps of h, ln K and C at each time, and the
initial and final variance maps of h, ln K and C.
To obtain stochastic model convergence, in a PC Pentium 4‐800 MHz with 4 gigabytes of RAM, 16 hours were required to run 1000 simulations of ln K
using LHS, and took three times longer (48 hours) to run 3000 simulations of ln K using SGSim.
The results show that for both alternatives, the Kalman filter estimates for h, ln K and C using h and C data, have errors which magnitudes decrease as
data is added.
With both methods the error is comparative, but it is important to note that the percentage reduction in MSE with respect to priori MSE for Ln K and h
estimate, in cases where the estimation is performed with h, C and h and C data, the percentage reduction was greater using SGSim to LHS.
H th t d ti f C ti t i LHS th SGSi t

5. Conclusion

Pumping wellContaminant source

Specific storage Ss=0.001

Vertical recharge is not considered.

Hydraulic conductivity K=1.63 m/day.

Boundary conditions with specified 
head.

1 layer

Triangular mesh 702 nodes and 
1306  elements

Figure 5.  Ln K estimationTable 2. Parameter estimation errors.

Study case 
Parameter  

error 
ME

%
MSE

%
meters  meters 
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Base Prior Ln K error  0.1077 100% 0.9872 100%

1.1 Ln K  (h data) 0.0445 58.7% 0.8755 11.3%

1.2 Ln K (C data) 0.1077 0.0% 0.8601 12.9%

1.3 Ln K  (h and C data) 0.0445 58.7% 0.7779 21.2%
Base Prior h error  ‐0.1196 100% 0.6605 100%

1.1 h (h data) ‐0.0077 93.6% 0.2549 61.4%

1.2 h (C data) 0.0634 153.0% 0.4663 29.4%

1.3 h (h and C data) ‐0.0228 80.9% 0.238 64.0%
Base Prior C error  ‐1.5082 100% 5.8291 100%

1.1 C  (h data) 1.1725 177.7% 5.5066 5.5%

1.2 C (C data) 0.1343 108.9% 1.312 77.5%

1.3 C  (h and C data) 0.2862 119.0% 1.3602 76.7%
However, the percentage reduction for C estimates using LHS than SGSim was greater.
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Pumping wellContaminant source Parameter were obtained from the 
deterministic flow model, exception K. 

K is a random field generated by :
* 3000 realizations from SGSim and     
* 1000 realizations from LHS

56 nodes were the estimations of ln K, h 
and C will be obtained.

ln K  possible data points (53 ln K values)

h  possible data points (53 h values)

C possible data points (56 C values)

The contaminant source area spreads the contaminant for 12 years (4380
days). The concentration and hydraulic head data are available every 730
days, making a total of 6 periods with data.

The estimation points for ln K, h and C are located on a submesh of the
model mesh (same location for h, ln K and C), composed by 56 nodes
spread throughout the study area, with an approximately separation of 90
meters between nodes. The nodes of the estimation mesh is where
estimations of ln K, h and C will be obtained using the Kalman filter.

Co
va
ri
an

ce
 L
H
S

Base Prior Ln K error  ‐0.2404 100% 0.9886 100%

2.1 Ln K  (h data) ‐0.1281 46.7% 0.9041 8.5%

2.2 Ln K (C data) ‐0.2071 13.9% 0.9122 7.7%

2.3 Ln K  (h and C data) ‐0.1312 45.4% 0.8453 14.5%
Base Prior h error  ‐0.0193 100% 0.6189 100%

2.1 h (h data) 0.0698 461.7% 0.3475 43.9%

2.2 h (C data) 0.0208 207.8% 0.4665 24.6%

2.3 h (h and C data) 0.0606 414.0% 0.3059 50.6%
Base Prior C error  0.463 100% 7.6435 100%

2.1 C  (h data) ‐1.3369 388.7% 3.7126 51.4%

2.2 C (C data) 0.2432 47.5% 1.3024 83.0%

2.3 C (h and C data) 0.0844 81.8% 0.9579 87.5%
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