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AbstractAPpf
The estimation of the global Earth’s gravity field parameterized
as a finite spherical harmonic series is computationally demand-
ing. The computational effort depends on the one hand on the
maximal resolution of the spherical harmonic expansion (i.e. the
number of parameters to be estimated) and on the other hand on
the number of observations (which are several millions for e.g. ob-
servations from the GOCE satellite missions). To circumvent these
restrictions, a massive parallel software based on high-performance

computing (HPC) libraries as ScaLAPACK, PBLAS and BLACS
was designed in the context of GOCE HPF WP6000 and the GOCO
consortium. A prerequisite for the use of these libraries is that all
matrices are block-cyclic distributed on a processor grid comprised
by a large number of (distributed memory) computers. Using this
set of standard HPC libraries has the benefit that once the matrices
are distributed across the computer cluster, a huge set of efficient
and highly scalable linear algebra operations can be used.

Grids of distributed memory computers (computer cluster): Naming conventions
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Fig. 1: Computing nodes & their adresses in a rectangular computing grid.

Assume a set of computers, which are connectet via a fast net-
work. These computers form a distributed memory computer clus-
ter. Each of them may contain several CPUs or cores. Every
individual core of a computer is called computing node within this
context. These computing nodes may be virtually arranged in a
rectangular Pp × Qp computing grid (cf. Fig. 1). A row of this
grid is called node row and the set of nodes in the same column
is called node column. These nodes are uniquely addressed via
their 2-dimensional Cartesian coordinates (pr , pc) in the grid, or
by their 1-dimesional rank rp (counted row-wise, cf. Fig. 1).

Block-cyclic matrix distribution for the use in HPC libraries: An Example
A prerequisite for the use of HPC libraries such as PBLAS or
ScaLAPACK is that the matrix to be operated on is block-cyclically
distributed over the computing grid. To distribute a general matrix
block-cyclically along the grid of computing nodes (cf. Fig. 2) the
matrix is divided into patches of a given block size br × bc. These
patches are cyclically distributed along a row of the node grid and
cyclically along the columns of the grid (Blackford et al. (1997)).
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Fig. 2: Example Matrix of Dimension 8× 9 which is block-cyclically dis-
tributed along a grid of 2× 3 nodes with block size of 3× 2.

To visualize the concept of the block-cyclic matrix distribution, a
general matrix of size 8× 9 (cf. Fig. 2) should be block-cyclically
distributed on a 2 × 3 computing grid. The block size of the
distribution is chosen as 3× 2. The colors in Fig. 2 represent the
computing nodes of the grid in Fig. 3 to which the matrix patch
is distributed to.
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Fig. 3: Example computing grid of 6 computing nodes set up as a rectangular
2× 3 computing grid.

The matrix patches are concatenated on each node patch by
patch (row- and column-wise) into the local matrix Al as sown
for the example in Fig. 4.
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Fig. 4: Local matrices on each of the nodes (pr , pc) for the example.

On each node, the two-dimensional matrix needs to be mapped to
the linear main memory of the computer, which is done by column
major order (CMO), storing the matrix column by column to a
one-dimensional ordinary array al . For the example matrix, the
resulting local arrays on each node are shown in Fig. 5.
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Fig. 5: Local arrays al on each of the nodes (pr , pc) for the choosen matrix
and distribution.

Description of a block-cyclically distributed matrix: Interface to PBLAS/ScaLAPACKAPpf

The data of the distributed matrix is stored locally in the 1-
dimensional arrays al . Thus, memory of every node of the cluster
is used to store the complete matrix, thus huge matrices can be
stored, although each node has just severel GB of main memory.

Interface to ScaLAPACK, PBLAS routines:
I Access to matrix data: address in the main memory of the 1st

element of the local array: al(0)⇒ differs on each node
I Description of distribution parameters, 9-element int-array:

& dAg
⇒ same on each node (except 8th entry).

Estimating combined gravity fields from preprocessed normal equations using HPC librariesAPpf

conversion of Ngi,ngi

reordering of Ngi,ngi to pns adjust size of Ngi,ngi

// parameters of target GEGM

// combined model NEQs

SymbolicNumberingScheme pns;

// for all NEQ groups

// parameters of NEQ group i
string file N i, file n i;
double wi;
SymbolicNumberingScheme pnsi;
TideSystem ti;

double ai;
double GMi;

// individual NEQ i
PARALLELMATRIX Ngi,ngi;

TideSystem t;
ReferenceEllipsoid r;

double a;
double GM;

for i ∈ I

Ng.resize(m,m);ng.resize(m,1)
PARALLELMATRIX Ng,ng;

block-cyclic distribution of Ngi,ngi

parallel IO, Ngi,ngi are read
distributed from file
HPC routines:

⋆ MPI::File read all
⋆ MPI::Type commit
⋆ MPI::Type create darray
⋆ MPI::File read

parameters:
conversion steps:
⋆ GMi ⇒ GM
⋆ ai ⇒ a
⋆ ti ⇒ t

convert Ngi,ngi to target

enlarge Ngi,ngi from size of pnsi
to size of pns

reorder Ngi,ngi from pnsi to pns

Nli =

[
Nli 0
0 0

]

nli =

[
nli

0

]
transform ip to permutation vector
compute index vector ip pnsi ⇒ pns

reorder rows of gi

reorder rows+columns of Ngi

Ng+ = wiNgi, ng+ = wingi

compute weighted sum of NEQs

can be computed as local sum:
Nl+ = wiNli, nl+ = winli

HPC routines: HPC routines:
⋆ BLAS::daxpy

analysis of combined model Ng,ng

compute solution xg = solve(Ng, ng)
⋆ SCALAPCK::pdposv
compute covariance matrix ΣΣΣxx = N−1

g
⋆ SCALAPACK::pdpotri

⋆ PBLAS::pdgemm

⋆ SCALAPACK::pdsyev ⋆ SCALAPACK::pdlapiv

estimates weights,partial redundancies VCE

combine Ngi,ngi to Ng,ng

compute eigenvalues & -vectors eig(Ng)

Fig. 6: Scheme of massive parallel programm for the combination of preprocessed gravity field normal equations.

Application: Estimated eigenvalues and eigenvectors for different GOCE based combination modelsAPpf
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Fig. 7: Eigenvalues for different GOCE based combination models.

model: A SGG κ = 1.3 · 1012

B SGG+SST κ = 9.6 · 108

C SGG+SST+REGzonals κ = 1.4 · 106

D SGG+SST+REGzonals+REGhigdeg κ = 1.4 · 106

E GOCO κ = 2.6 · 109

I SGG, SST =̂ GOCE time-wise gradiometry & SST NEQ
(RL01, 71days, Pail et al. (2010b))

I REGzonals =̂ Regularization of (near) zonal coefficients
I REGhigdeg =̂ Regularization of high degree (> 170) coefficients
I GRACE =̂ ITG-Grace2010s NEQ (Meyer-Gürr et al. (2010))
I GOCO =̂ GOCO01S NEQ (Pail et al. (2010a))
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Fig. 8: Logarithmic elements of i . normalized eigenvector in the coefficient triangle for models A–E. 10−7 10−6 10−5 10−4 10−3 10−2 10−1 10010−8
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